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’ INTRODUCTION
The idea of controlling the properties of materials at the
quantum level by using femtosecond laser pulses has led to
promising developments at the frontier of condensed-matter
physics and quantum chemistry.1-6 This approach to materials
science goes beyond traditional investigations of optical proper-
ties and focuses, for example, on the design of fast devices with a
functional role in information storage and processing, memories,
network components, etc. However, the development of these
types of applications poses fundamental nonequilibrium physics
questions, especially when subpicosecond device operation is
desired. Advances in this important technological field will be
greatly accelerated by a comprehensive description of transient
cooperative phenomena and light-induced nonequilibrium
phase transitions in condensed matter systems with strongly
correlated electronic states. The development of quantum
mechanical models able to treat light-induced dynamics of
strongly coupled degrees of freedom is a serious challenge. It
belongs to an emerging interdisciplinary field that brings
together condensed matter, optical, and applied physics.
This paper outlines a systematic approach to the study of many-
body systems with correlated electrons coherently coupled to light.
We study nonequilibrium properties dominated by interactions
among elementary excitations. While thermodynamic, transport,
and linear optical properties do not depend as critically on such
quasi-particle interactions, these dominate the nonlinear response to
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ABSTRACT:We discuss a many-body theory of the coherent
ultrafast nonlinear optical response of systems with a strongly
correlated electronic ground state that responds unadiabatically
to photoexcitation. We introduce a truncation of quantum
kinetic density matrix equations of motion that does not rely
on an expansion in terms of the interactions and thus applies to
strongly correlated systems. For this we expand in terms of the
optical field, separate out contributions to the time-evolved
many-body state due to correlated and uncorrelated multiple
optical transitions, and use “Hubbard operator” density ma-
trices to describe the exact dynamics of the individual contribu-
tions within a subspace of strongly coupled states, including
“pure dephasing”. Our purpose is to develop a quantum
mechanical tool capable of exploring how, by coherently
photoexciting selected modes, one can trigger nonlinear dy-
namics of strongly coupled degrees of freedom. Such dynamics
could lead to photoinduced phase transitions. We apply our
theory to the nonlinear response of a two-dimensional electron gas (2DEG) in amagnetic field.We coherently photoexcite the two
lowest Landau level (LL) excitations using three time-delayed optical pulses. We identify some striking temporal and spectral
features due to dynamical coupling of the two LLs facilitated by inter-Landau-level magnetoplasmon and magnetoroton
excitations and compare to three-pulse four-wave-mixing (FWM) experiments. We show that these features depend sensitively
on the dynamics of four-particle correlations between an electron-hole pair and a magnetoplasmon/magnetoroton, reminiscent
of exciton-exciton correlations in undoped semiconductors. Our results shed light into unexplored coherent dynamics and
relaxation of the quantum Hall system (QHS) and can provide new insight into non-equilibrium co-operative phenomena in
strongly correlated systems.
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external stimuli. Accepted rules of condensed matter physics,
including the cornerstone concept of free energy, fail to describe
the time evolution during femtosecond time scales. Our non-
equilibrium many-body theory addresses all four of the following
fundamental questions: How to describe the coherent photoexcita-
tion of systems with strongly correlated ground state electrons
reacting un-adiabatically to light? What is the nonlinear response
to such photoexcitation?What detection scheme can best “visualize”
this response? What many-body mechanisms are involved in the
coherent and nonthermal temporal regimes?
During the last two decades, a good understanding of the
ultrafast nonlinear optical response of undoped semiconductors
has been achieved. Compared to multi-level atomic systems, the
main theoretical challenge here is the description of interactions
and correlations among exciton quasiparticles.1,7,8 For this
purpose, non-equilibrium theories such as the semiconductor
Bloch equations,2,5 dynamics controlled truncation scheme
(DCTS),9-11 correlation expansion,8 Keldysh Green’s func-
tions,2,5 correlation functions,6 and canonical transformation
“dressed semiconductor” approach12 have been developed. In
undoped semiconductors, one need not take into account
correlations involving ground state electrons. A rigid Hartree-
Fock ground state, with full valence bands and empty conduction
band, suffices since Auger processes are negligible. However,
when the conduction band is partly filled withNe electrons in the
ground state, low energy intraband electronic excitations can
interact with the photoexcited carriers. If the fundamental
reaction time of the ground state system to such interactions
(determined by the period of one oscillation of the lowest excited
state and by collective effects among the Ne electrons) is
sufficiently long, it responds unadiabatically to the photoexcita-
tion and thus cannot be treated as a “bath”. The ultrafast
nonlinear response is then strongly influenced by the quantum
dynamics of the coupled system of photoexcited and ground
state carriers. The theories describing the nonlinear response of
undoped semiconductors must be extended to describe such
effects.12-16 For example, the DCTS truncates the hierarchy of
density matrices generated by the interactions based on the
assumption that all Coulomb interactions occur between photo-
excited e-h pairs. The standard diagrammatic expansions and
DCTS factorizations assume aHartree-Fock reference state and
no free ground state carriers. They break down in the case of a
strongly correlated electronic ground state.
Photoinduced phase transitions in strongly correlated systems
have attracted much attention recently, due to ultrafast switching
applications and fundamental physics questions.17,18 A prominent
example of strong correlations between spin, charge, and orbital/
lattice degrees of freedom is the colossal magneto-resistance
observed in the R1-xAxMnO3 Manganite materials (R = La, Pr,
Nd, Sm, ... and A = Ca, Ba, Sr, Pd, ...).18 Of particular interest here
are macroscopic changes in the electronic states induced by
perturbing strongly coupled degrees of freedom after the coherent
excitation of selected modes.
The quantum Hall system (QHS) is another example of a well-
characterized strongly correlated system.Here, a two-dimensional
electron gas (2DEG) is subjected to a perpendicularmagnetic field.
The quantum well confinement and magnetic field quasi-confine-
ment discretize the energy eigenstates into Landau levels (LL) with
degeneracy N = L2/2πl 2, where L is the system size and l is the
magnetic length. In the ground state, these LLs are partially filled
with the correlated 2DEG.19-21 The ratio of occupied states to LL
degeneracy defines the filling factor ν = Ne/N = 2πl
2ne, where Ne
(ne) denotes the number (density) of conduction electrons that
populate the ground state. The LL degeneracy N increases with
magnetic field and above a threshold value, νe 2, the ground state
electrons only occupy the lowest LL (LL0) states; all of the higher
LLs (LL1, ...) are then empty in the ground state. The coupling of
the degenerate LL0 states by the Coulomb interaction results in a
strongly correlated incompressible quantum liquid,22 whose col-
lective charge excitations are magnetoplasmons (MP) and magne-
torotons (MR),19-21,23-26 excitons of composite fermions,27-29
interband quasiexcitons,30 etc.
The QHS displays different correlated ground states depend-
ing on ν. At ν = 1, the ground state becomes a ferromagnet
with 100% spin polarization when the characteristic Coulomb
energy exceeds the LL disorder broadening.31 For weak
disorder, the ground state around ν = 1 includes a small popula-
tion (|ν - 1|) of topologically charged spin texture quasipar-
ticles (skyrmions).31-35 For larger disorder, the ground state is
maximally spin-polarized, however the empty states with respect
to the ν = 1 ferromagnetic state are populated by conventional
Laughlin quasiparticles. At fractional ν, the e-e interaction
removes the degeneracy of the noninteracting system and pro-
duces robust ground states, separated from the excited states by an
energy gap (incompressibility). This nonperturbative effect can
be interpreted by considering the formation of composite fermion
quasiparticles, i.e., topological bound states of an electron and an
even number of magnetic flux quantized vortices.28,29 The
strongly interacting electrons are transformed into weakly inter-
acting composite fermions and the partly filled lowest electron LL
splits into several composite fermion LLs. Fractional quantum
Hall effects occur when an integer number of composite fermion
LLs are fully occupied.28,29 In terms of applications, the quantum
coherence of the QHS may be useful for realizing robust many-
body qubits that can be coherently controlled with light for
implementing quantum computation schemes.36 Ultrarafast non-
linear spectroscopy can shed light into the coherent dynamics of
the QHS.37-46 The above developments make our theoretical
advances, which address transient coherence and relaxation in
strongly correlated systems, particularly timely.
In the first part of this paper, we obtain the third-order
nonlinear optical response by considering a hierarchy of quantum
kinetic density matrix equations of motion. In the QH and other
strongly correlated systems, there is no small interaction para-
meter that could be used to truncate this hierarchy. We consider a
system that satisfies the following conditions: (i) an expansion in
terms of the optical field is appropriate, (ii) the optical response is
determined by electronic transitions between two (or more)
“bands”, i.e., separate manifolds of many-body states that are
disconnected in the absence of photoexcitation, and (iii) the
optical transitions occur between a full valence band and a
partially filled conduction band. We treat nonlinear intraband
and interband density matrices by expanding in terms of the
optical field and noting that, similar to the DCTS,11 there is a one
to one correspondence between number of valence holes and
number of emitted/absorbed photons. This correspondence
allows us to separately treat the dynamics within a subspace of
many-body states with fixed (small) number of holes and many
electrons. For this we expand in terms of “Hubbard operators” of
the form |næÆm|, where |næ is a finite basis of many-body states
that spans the relevant subspace, and then solve nonperturbatively
a closed system of equations of motion for the density matrices
Æ|næÆm|æ including relaxation. Similar equations of motion were
introduced by Hubbard to treat strong local correlations.47 They
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have since been used to study e.g. the Hubbard Hamiltonian,48
spin excitations in the manganites,49 X-X correlations in un-
doped semiconductors,50 and densitymatrices in Liouville space.3
In the undoped system, Ne = 0 and all carriers come from
photoexcited e-h pairs. As a result, the relevant subpaces are
spanned by 1-hþ1-e and 2-hþ2-e states, which reduces the
number of independent density matrices.9-11
Our theory proceeds in three steps. First, we obtain the linear
interband coherent amplitudes (e.g., the optical polarization) by
calculating the time-evolution within a subspace of 1-hþ-
(Neþ1)-e states. This first step addresses the interactions of a
photoexcited e-h pair with the ground state electrons, which can
strongly perturb the ground state. In the QHS, such interactions
can lead, for example, to the formation of trion bound states or
quasiexcitons.30,51-55 As a second step, we study the second-
order response, determined by dynamics of carrier populations
and light-induced coherent (Raman) couplings between differ-
ent many-body states with fixed number of carriers. We intro-
duce “pure dephasing”3 that does not allow the corresponding
intraband density matrices to be expressed as products of inter-
band coherent amplitudes, as in the case of a wave function
approach (coherent limit). This is important since experiments
indicate strong deviations from the coherent limit. Finally, we
consider the third-order response, which depends on the
dynamics within the 2-hþ(Neþ2)-e subspace. Given the
complexity of describing this dynamics, we introduce a decom-
position of the time-evolved many-body wave function into
correlated and uncorrelated parts, analogous to the cumulant
expansions of the DCTS, which however also applies to systems
with a populated correlated ground state. This decomposition
allows us to separate the contributions to the third-order density
matrices that can be expressed as products of optical polarizations
from the fully correlated (irreducible) contributions, whose
dynamics is determined by memory effects due to multi-particle
correlations.1,7,10,56 In the second part of the paper, we compare
the predictions of our theory with femtosecond three-pulse four-
wave mixing (FWM) experiments. We show that the coupling
between {1-LL0-e þ 1-LL1-h þ LL0fLL1MP} four-particle
correlations and magnetoexcitons determines the spectral and
temporal profile of the QHS FWM signal. The latter depends
sensitively on the dephasing of the above four-particle correla-
tions and the coupling of magnetoroton 2DEG excitations. We
identify the experimental signatures of such effects, which can be
controlled, e.g., by tuning the photoexcitation frequency.
’MANY-BODY THEORY OF THE OPTICAL RESPONSE
In this section we formulate the optical response of a system
described by the general Hamiltonian
H ¼ ∑
R
ðEg þ εcRÞ^e†Re^R þ ∑
R
εvRh^
†
Rh^R þHint ð1Þ
where we assume two bands well-separated in energy by Eg: a
“conduction band” (partially filled in the ground state) and a
“valence band” (full in the ground state). The operators e^R
† (ĥR
† )
create a conduction (valence) electron (hole) state labeled by a
composite index R that contains all relevant single-particle
quantum numbers. εR
e,h are the corresponding energies, deter-
mined by the bandstructure (e.g., Kohn-Sham orbitals).57 Hint
describes e-e, e-h, h-h, or other interactions, which we
assume do not couple the two bands. For example, in the
manganites one may consider different orbital states and orbiton
or other excitations between them and include Hubbard and
Jahn-Teller interactions in Hint.
18,49 In semiconductors, the
Hamiltonian is discussed, for example, in refs 2, 5, and 11. In
J-aggregate and organic systems, H can be expressed in terms of
Frenkel exciton operators (Paulions) and their interactions.3,6,11
Within the dipole approximation,5 the light-matter system is
described by the Hamiltonian
HðtÞ ¼ H - ½dðtÞX^† þ h:c: ð2Þ
where d(t) = μE(t) is the Rabi energy. We consider optical
transitions between the e and h bands. μ is the interband
transition matrix element, determined by the bandstructure,
and X̂† is the interband transition operator, expressed as a linear
combination of e-h pair creation operators e^R† ĥβ†. Since Ne
electrons populate the conduction band prior to photoexcitation,
when following the effects of the applied optical fields we count
the number of valence band holes in a given many-body state.
Therefore, we use the shorthand notation 0-h, 1-h, 2-h ,... to
label the states. We assume for simplicity zero temparature, in
which case the system initially occupies the 0-hþNe-e ground
state |Gæ of the Hamiltonian H. However, our results can be
extended to a mixed initial state with finite temperature. We
express the state that evolves from |Gæ according to the Hamil-
tonian H(t) as |ψæ = |ψ0æ þ |ψ1æ þ |ψ2æ, where |ψnæ is the
projection to the n-hþ(Neþn)-e subspace.15,44 States with
ng3 valence holes do not contribute to the third-order non-
linear polarization when the Hamiltonian H conserves the
number of holes. Such a decomposition can be performed in
any systemwhere distinct manifolds of many-body states are only
connected dynamically by light.
First-Order Optical Response: Interband Polarization. In
this section we obtain the density matrix ÆẐæ to O(E) for any
operator Ẑ that decreases the number of h’s by one (interband
operator). Noting that the HamiltonianH conserves the number
of h’s, while in the ground state the valence band is full, theO(E)
contribution to such density matrices comes from the dynamics
within the subspace of 1-hþ(Neþ1)-e many-body states. We
denote by |ψ1L(t)æ the O(E) 1-h contribution to the many-
body state that evolves in time from the correlated ground state
|Gæ according to the Hamiltonian eq 2.15,44 To O(E)
ÆZ^æL ¼ ÆGjZ^jψ1LðtÞæ ¼ ÆjGæÆGjZ^æL ð3Þ
which coincides with the density matrix of the “Hubbard
operator” |GæÆG|Ẑ.47,50 By expanding the state Ẑ†|Gæ in terms
of a basis |næ that spans the 1-hþ(Neþ1)-e subspace of
interest, we can then reduce the calculation of any ÆẐæL to
a closed system of equations of motion for the density matrices
Æ|GæÆn|æL. These equations describe the exact dynamics within
the given subspace.
To treat this dynamics, we consider an orthonormal set of
1-hþ(Neþ1)-e states |Xiæ and |YRæ, where ÆXi|X̂†|Gæ 6¼ 0
(“bright” configurations) and ÆYR|X̂†|Gæ = 0 (“dark” config-
urations). We expand any ÆẐæL in terms of the linearized density
matrices
PLi ¼
ÆjGæÆXijæLffiffiffiffi
N
p , PLR ¼
ÆjGæÆYRjæLffiffiffiffi
N
p ð4Þ
where N is proportional to the system size. In the absence of an
expansion parameter for treating the interactions, we must
describe the exact dynamics within the subspace spanned by
the above states, whose choice depends on the system and filling
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factor of interest. Defining the energies
Ωi ¼ ÆXijHjXiæ, ΩR ¼ ÆYRjHjYRæ ð5Þ
and the interaction parameters
Vij ¼ - ÆXijHjXjæ, WRR0 ¼ NÆYRjHjYR0æ,
WRi ¼
ffiffiffiffi
N
p
ÆYRjHjXiæ ð6Þ
we obtain the following closed system of equations of motion,
exact within the subspace of interest
iDtPLi ¼ ðΩi - iΓiÞPLi - ∑
j 6¼i
VijP
L
j -
dðtÞffiffiffiffi
N
p ÆXijX^†jGæ
þ 1ffiffiffiffi
N
p ∑
R
WiRP
L
R ð7Þ
where we introduced the dephasing rates Γi absent in a wave
function approach, and
iDtP
L
R ¼ ðΩR - iγRÞPLR þ
1ffiffiffiffi
N
p ∑
i
WRiP
L
i þ
1
N
∑
R0 6¼R
WRR0P
L
R0
ð8Þ
where we introduced the dephasing rates γR. If |Xiæ were exact
many-body eigenstates of H, WRi = Vij = 0 and the above
equations of motion decouple. However, this requires an accu-
rate calculation of all excited many-body eigenstates. Any basis
of 1-hþ(Neþ1)-e states that spans the subspace of interest
can however be used to calculate the above density matrices
directly in the time domain, including dephasing. When the
dephasing rates γR and Γi become comparable to the character-
istic interaction energies, they can play an important role in the
optical dynamics.
We now discuss some specific examples of states |Xiæ and
|YRæ. First we make the connection to the case of exciton-
phonon interactions,11 in semiconductors8,10 or in J aggre-
grates and organic crystals.3,6 In this case, we can distinguish
between “system” and “bath” and choose |Xiæ as (bound or
unbound) e-h pair or Frenkel exciton states and |YRæ as
excitonþphonon (or vibronic) states. Equations 7 and 8 then
describe non-Markovian dephasing and polaronic effects due
to noninstantaneous exciton-phonon interactions, while the
last term on the right-hand side (rhs) of eq 8 describes vertex
corrections beyond the perturbative Born approximation of
the system-bath interaction. The Markovian and dephasing
rate approximations of instantaneous interactions with the
bath are recovered by solving eq 8 within the adiabatic and
Born approximations.8,11
In a purely electronic system, however, one cannot clearly
distinguish the system from the “bath”. Nevertheless, one could
still view the excitations of the ground state electrons as
analogous to the phonons discussed above and consider, for
example, configurations |Xiæ of the form e^†h^†|Gæ and configura-
tions |YRæ of the form e^†h^†e^†e^|Gæ. Such YR states describe the
coupling between exciton and electronic excitations such as, e.g.,
magnetoplasmons or magnetorotons in the QHS16 and orbital or
other charge excitations in the manganites.18,47,49 The unadia-
batic response of a strongly correlatedNe-electron ground state
to such couplings can lead to non-Markovian dynamics. For
example, an incompressible Laughlin quantum liquid has an
excitation energy gap determined by the electron-electron
interactions.22 Its dynamical response is governed by Laughlin22
and composite fermion28,29 correlations. The photoexcited e-h
pair can also bind ground state electrons and form trion or higher
complexes, which are Laughlin-correlated with the rest of the
electrons. Such effects manifest themselves as extra peaks in the
optical spectra of theQHor 2DEG systems.30,51-55,61 ForNe = 1,
with ground state |Gæ = e^0†|0æ (|0æ denotes full valence-empty
conduction band), we can choose |Xiæ = e^R† h^β†e^0†|0æ = e^R† h^β†|Gæ
and |YRæ = e^R† h^β† e^γ†|0æ = e^R† h^β†e^γ† e^0|Gæ, whereR,γ 6¼ 0. In theQHS,
calculations of quasiexciton30 and trion55 contributions to the
photoluminescence at fractional ν were based on exact diagona-
lizations of H for small Ne, using a basis of 1-hþ(Neþ1)-e
Slater determinants.30,55 Exact diagonalizations of small systems
describe well ground state and excitation properties of the
QHS.19,30,55 Another example of a convenient basis for treating
time-dependence is the Lanczos basis.15,60
Second-Order Response: Populations and Intraband
Many-Body Coherences. In this section we describe the O(E2)
contribution to any intra-band density matrix ÆM̂æ, where M̂
conserves the number of holes. Examples of such density
matrices are the carrier populations and intraband coherences
between many-body states with the same number of electrons
and holes. We first note that the 2-h contribution to ÆM̂æ is
O(E4). Within the 1-h subspace, ÆM̂æ can be expanded in terms
of the “Hubbard operator” density matrices Æ|XiæÆXj|æ, Æ|XiæÆYR|æ,
and Æ|YRæÆYR0|æ. In a wave function approach, these density
matrices can be expressed as products of the interband ampli-
tudes Pi
L and PhR
L. However, “pure dephasing”3 processes intro-
duce additional intraband dynamics, described by the nonfactori-
zable contributions
Nij ¼ 1N ÆjXiæÆXjjæ- P
L
j P
L
i ,
MjR ¼ 1N ÆjXjæÆYRjæ- P
L
j P
L
R,
NRR0 ¼ 1N ÆjYRæÆYR0 jæ- P
L
R P
L
R0 ð9Þ
In the absence of a small interaction parameter, one must
describe the full intraband dynamics within the subspace of
1-hþ(Neþ1)-e many-body states, by solving the closed
system of O(E2) equations of motion below. The dynamical
coupling between |Xiæ and |Xjæ is described by16
iDtNij ¼ ðΩj -Ωi - iΓijÞNij þ iðΓi þ Γj - ΓijÞPLj PLi
þ ∑
i0 6¼i
Vi0iNi0 j - ∑
j0 6¼j
Vjj0Nij0 þ 1ffiffiffiffi
N
p ∑
R
ðWRjMiR -WRiM

jRÞ
ð10Þ
where the first line on the rhs comes from the difference between
intraband and interband dephasing rates (“pure dephasing”3)
and the second line comes from the interaction-induced cou-
plings. The latter are strong between almost degenerate many-
body states within our subspace, similar, e.g., to the nonpertur-
bative quantum Hall effects.19,20,22
iDtMiR ¼ ðΩR -Ωi - iΓiRÞMiR þ iðΓi þ γR - ΓiRÞPLi PLR
þ 1ffiffiffiffi
N
p ∑
i0
WRi0Nii0 -
1ffiffiffiffi
N
p ∑
R0
WR0 iNR0R þ ∑
i0 6¼n
Vi0 iMi0R
þ 1
N
∑
R0 6¼R
WRR0MiR0 ð11Þ
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describes the coherent second-order light-induced coupling
between the |Xiæ and |YRæ states, and
iDtNRR0 ¼ ðΩR0 -ΩR - iΓRR0 ÞNRR0 þ iðγR þ γR0
- ΓRR0 ÞPLR PLR0 þ
1ffiffiffiffi
N
p ∑
i
ðWR0 iMiR -W

RiMiR0 Þ
þ 1
N
∑
R00 6¼R0
W

R00 R0NRR00 -
1
N
∑
R00 6¼R
WR00RN

R0R00 ð12Þ
The interaction matrix elements and excitation energies en-
tering in the above equations are the same as in the previous
section. The above nonfactorizable density matrices vanish in the
coherent limit Γij = Γiþ Γj, ΓiR = Γiþ γR, and ΓRR0 = γRþ γR0.
As observed experimentally, deviations from this limit are strong
and result in long-lived incoherent populations and intraband
coherences.
Third-Order Nonlinear Polarization. In this section we
obtain directly the third-order nonlinear polarization that deter-
mines the ultrafast nonlinear optical spectra. Generally, we can
express the optical transition operator X̂ as
X^
† ¼ ffiffiffiffiNp ∑
n
X^†n ð13Þ
where X̂n
† are linear combinations of e-h pair creation operators
e^R
† h^β
† that satisfy the optical transition selection rules (e.g.,
momentum or angular momentum conservation) and the sym-
metries of the system. For example, X̂n
† can be chosen to create
exciton eigenstates in undoped semiconductors50 or Frenkel
excitons in organic systems.3,6 We introduce the e-h “excitonic
configurations” |Xnæ = X̂n†|Gæ, with unexcited ground state, and
assume orthogonality: ÆXn|Xmæ = (1 - νn)δnm, where νn is
determined by the ground state carrier population.16 Within
the dipole approximation, the optical response is described by the
polarization (e-h coherence)2,4
PðtÞ ¼ μ∑
n
PnðtÞ, PnðtÞ ¼ ÆX^næffiffiffiffi
N
p ð14Þ
where the nonlinear polarizations Pn are determined by their
equations of motion. The interactions between Xn and the
ground state thermal carriers13,14,30 couple |Xnæ to the excited
configurations |Ynæ, which are defined by the equation15
HjXnæ ¼ ΩnjXnæ- ð1- νnÞ ∑
m 6¼n
VmnjXmæþ jYnæ ð15Þ
and the orthogonality requirement ÆXm|Ynæ = 0 (irreducibility
condition). We obtain16
Ωn ¼ ÆXnjHjXnæÆXnjXnæ , Vnn
0 ¼ - ÆXnjHjXn0æð1- νnÞð1- νn0 Þ ð16Þ
for any strongly correlated ground state and introduce the
operator
Y^ n ¼ ½X^n,H-ΩnX^n þ ð1- νnÞ ∑
n0 6¼n
Vnn0 X^n0 ð17Þ
The nonlinear polarization equation of motion then reads16
iDtPnðtÞ-ΩnPnðtÞ þ ð1- νnÞ ∑
n0 6¼n
Vnn0Pn0 ðtÞ
¼ -dðtÞ½1- nnðtÞ þ ÆY^ næffiffiffiffi
N
p ð18Þ
The first term on the rhs describes the PSF effects, determined
by the total carrier population nn(t), and recovers the results of a
multi-level atomic-like system if we set Vnn0 = 0.3 More
generally, nn also depends on intraband coherences Æe^R† e^βæ and
Æh^R† h^βæ, e.g., in the case of spin interaction effects in the nonlinear
optical response of magnetic semiconductors.58
The second term on the rhs of eq 18, ÆŶnæ, describes deviations
of the many-body system from a multi-level atomic-like
system.3 These deviations are due to the coupling of Xn with
other degrees of freedom. For example, in the case of exciton-
phonon interactions, ÆŶnæ describes phonon-assisted density
matrices.10,11 In the case of Coulomb interactions, ÆŶnæ can be
expanded in terms of density matrices of the form Æe^†e^e^h^æ and
Æh^†h^e^h^æ, which describe the interaction of an e-h pair with an
electronic excitation. The factorization of these density matrices
gives the Semiconductor Bloch equations.2,5 However, this
Hartree-Fock treatment of the interactions misses e.g. biexci-
ton, trion, and exciton-2DEG inelastic scattering effects. In the
undoped system, where the conduction band is empty and the
valence band is full, ÆŶnæ describes the interactions of Xn with
other photoexcited carriers or phonons. In the case of a popu-
lated ground state, there are additional Xn interactions with the
thermal electrons, which are described by the action of operators
of the form e^†h^†e^†e^ on the 0-hþNe-e subspace of states. The
calculation of ÆŶnæ is the purpose of this section. More generally
however, we obtain below an expression of ÆẐæ for any interband
operator Ẑ that reduces the number of holes by one.
The nonlinear response arises from multiple optical transi-
tions and corresponding e-h pair creation/annihilation pro-
cesses. During each single-photon transition, the photoexcited
e-h pair interacts with the ground state electrons as described by
Pn
L. We want to separate out all contributions to the nonlinear
density matrix that can be expressed in terms of products of one
or more of the coherent amplitudes Pn
L measured in linear
absorption. The remaining contributions are then determined
by time integrals of Pn
L with memory kernels due to multi-
excitation correlations. We use the following decomposition,
which separates the n-h subspaces coupled only by the light:
ÆZ^æ ¼ Æψ0jZ^jψ1æþ Æψ1LjZ^jψ2æþOðE5Þ ð19Þ
We then separate the contributions of correlated or uncorre-
lated multiple optical transitions by first identifying the parts of
|ψnæ whose amplitudes can be expressed in terms of products of
Pn
L. Such factorizable contributions assume that, although the
photoexcited quasiparticles are strongly correlated with the
ground state electrons, their interactions with each other can
be treated in a mean field fashion. In the undoped system, the
DCTS cumulant expansions serve a similar purpose.9-11 Here
we accomplish this for a strongly correlated populated ground
state, where Wick’s theorem does not apply, and recover the
DCTS in the undoped system. Importantly, our decomposition
allows us to obtain a closed system of equations of motion by
projecting each contribution to the appropriate subspace of
states with fixed number of h’s. For example, in the undoped
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system, the number of independent density matrices is reduced
in this way since we can project to subspaces spanned by X or
X þ X states.
First we consider the time-evolved 1-h state |ψ1Læ and
separate the coherent contributions Pn
L by projecting the |Xnæ
states:
jψ1Læ ¼ ∑
n
ÆX^næ
L
1- νn
jXnæþ jψ1Læ ð20Þ
where ÆXn|ψh1Læ = 0. Thus, |ψh1Læ does not contribute to the linear
absorption, which is determined by ÆX̂næL. It is obtained from the
equation of motion15
iDt jψ1Læ ¼ Hjψ1Læþ ∑
n
ÆX^næ
L
1- νn
jYnæ- ∑
n
ÆY^ næL
1- νn
jXnæ ð21Þ
and involves time integrals of the linear polarizations with a
memory kernel determined by correlations between Xn and
ground state (thermal) electrons. The nontrivial problem in
solving this equation is how to describe the strong interaction of
the valence hole with the Ne þ 1 electrons. In the case of the
Fermi Edge Singularity, this was accomplished by considering a
time-dependent coupled cluster expansion expression for |ψh1Læ,
which describes an exciton dressed by a macroscopic number of
Fermi sea pairs.13 A cluster expansion can also be considered in
the case of phonons.3 Equation 21 can be solved by projecting the
basis states |Xiæ and |YRæ discussed above.
Next we turn to the two-photon processes that excite two
e-h pairs on top of the Ne ground state electrons. Such
2-hþ(Neþ2)-e configurations are determined by the equation
of motion
iDtjψ2æ ¼ Hjψ2æ- dðtÞX^†jψ1LæþOðE4Þ ð22Þ
|ψ2æ can be described by introducing a basis of 2-hþ(Neþ2)-e
states.59 Given the complexity of treating such states, however,
we consider the following exact decomposition of |ψ2æ into an
uncorrelated part, which assumes that each photoexcited e-h
pair interacts independently with the ground state electrons, and
a part that describes correlations among the two optical transi-
tions
jψ2æ ¼
1
2
∑
nm
ÆX^næ
LÆX^mæ
L
ð1- νnÞð1- νmÞX^
†
n X^
†
mjGæþ ∑
n
ÆX^næ
L
1- νn
X^†n jψ1Læ
þ jψ2æþOðE4Þ ð23Þ
The first two term on the rhs come from two uncorrelated
optical transitions. The correlated contribution |ψh2æ is deter-
mined by the equation of motion
iDtjψ2æ-Hjψ2æ ¼
1
2
∑
nm
ÆX^næ
LÆX^mæ
L½Y^ †n , X^†mjGæ
þ ∑
n
½ÆX^næLY^ †n - ÆY^ næLX^†n jψ1Læ ð24Þ
where the first term on the rhs describes a correlated four-particle
excitation, analogous to the undoped system,1,56 which interacts
with the ground state electrons. |ψh2æ leads to density matrix
contributions determined by time integrals of the polarizations
with a memory kernel and can be obtained by projecting to a
subspace of 2-hþ(Neþ2)-e states.59 In the same way, we
decompose the 0-h state |ψ0æ, created by two-photon Raman
processes of excitation and then deexcitation of an e-h pair, as
jΨ0æ ¼ ÆGjΨæjGæ- ∑
n
ÆX^næ
L
1- νn
X^njΨ1Læþ jΨ0æþOðE4Þ
ð25Þ
where ÆG|ψh0æ = 0. By substituting the above decompositions to
eq 19 we obtain15,16,44
ÆZ^æ ¼ ∑
n
ÆX^næ
L
1- νn
ÆGj½X^n, Z^jψ2æþ ∑
n
ÆX^næ
L
1- νn
Æ½Z^, X^†n æc þ ÆZ^æcorr
þ 1
2
∑
nn0
ÆX^næ
LÆX^n0 æ
L
ð1- νnÞð1- νn0 Þ Æψ1Lj½½Z^, X^
†
n , X^†n0 jGæ
þ Æψ1LjZ^jψ2æþ Æψ0jZ^jψ1Læ ð26Þ
where we introduced the irreducible intraband density matrix
Æ½Z^, X^†n æc ¼ Æ½Z^, X^†n æ
- ∑
n0m0
ÆX^n0 æ
LÆX^m0æ
L
ð1- νn0 Þð1- νm0 Þ ÆXn
0 j½Z^, X^†n jXm0 æ
- ∑
n0
ÆX^n0 æ
L
1- νn0
ÆGj½X^n0 , ½Z^, X^†n jψ1Læ
- ∑
n0
ÆX^n0 æ
L
1- νn0
Æψ1Lj½½Z^, X^†n , X^†n0 jGæ ð27Þ
In the undoped system, the above density matrix describes
incoherent populations and X T X coherences or coherent
phonon effects.10,11
ÆZ^æcorr ¼ ÆjGæÆZjæþ∑
n
ÆX^næ
L
1- νn
ÆZjX^njψ2æ-
ÆX^næ
L
1- νn
ÆZjX†n jψ0æ
ð28Þ
is determined by the dynamics of the 1-hþ(Neþ1)-e excita-
tion |Zæ = Ẑ†|Gæ and the nonlinear density matrix Æ|GæÆZ|æ,
similar to the linear response. It can thus be calculated by solving
a closed system of equations of motion, obtained by expanding
|Zæ in terms of |Xiæ and |YRæ similar to the linear polarization
calculation. ÆŶnæcorr describes the dynamical response of the
correlated ground state to the photoexcited e-h pair due to
Xn-ground state electron interactions. It includes trion
51 and
quasi-exciton30 nonlinearities and vanishes in the undoped
system. It also describes the phonon-assisted polaronic effects
in a way analogous to the linear polarization calculation.
An advantage of using eq 26, rather than trying to solve the
equation of motion of ÆẐæ directly, is that it allows us to separately
treat the dynamics within each n-hþ(Neþn)-e subspace of
many-body states. Another advantage is that it separates out
processes that lead to distinct contributions to the multi-dimen-
sional nonlinear spectra (e.g., dephasing vs relaxation). Equation
26 also separates the nonlinear terms whose dynamics is deter-
mined by Pn
L from those determined by integrals of Pn
L with
memory kernels given by different correlations. For example,
ÆZæcorr and |ψh1Læ depend on correlations between Xn and electronic
excitations of the thermal electrons, |ψh2æ depends on correlations
between two Xs, and Æ[Ẑ,X̂ n†]æc depends on intraband coherent
dynamics and relaxation. Finally, eq 26 allows us to treat the
coherent ultrafast response of a strongly correlated system while
maintaining the connection with the well-established results and
intuition obtained in the well-understood undoped system.10,11 We
note, for example, that the first term on its rhs describes an X-X
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interband coherence that recovers the treatment of X-X interac-
tions in undoped semiconductors.16,50,59 The decomposition of this
X-X coherence into Hartree-Fock and correlated contribu-
tions50,56,59 is obtained by using eq 23.
’ INTER-LL DYNAMICAL COUPLINGS IN THREE-PULSE
FOUR-WAVE-MIXING
In this secondpart of the paperwe corroborate, by comparing our
microscopic calculation and experiment, our earlier claim that the
dynamical coupling of the two lowest magnetoexcitons by inter-LL
MP and MR excitations is an important nonlinearity in the QHS.
For this we present numerical results obtained by calculating the
parameters that enter the theory using the ν = 1 QH ground state
and a Hamiltonian that captures the essential physical processes.
Description of the Model. We consider a two-band Hamil-
tonian describing two-dimensional electrons and holes subject to
a perpendicular magnetic field.16 We also consider right-circu-
larly polarized light, which excites a single interband transition
that creates spin-V electrons and results in a single LL0 peak.40
We use the Landau gauge and label the single-particle states by
R = (k,n,σ), where k is proportional to the cyclotron orbit center
x-coordinate, n is the LL index, and s denotes the carrier spin.
εR
e,h = ωc
e,h(nþ1/2), where ωce,h = eB/me,h are the electron and
hole cyclotron energies (p = 1). Although this discrete LL energy
structure resembles an atomic system, each level has a macro-
scopic degeneracy N. Some particularities of the realistic system
missed by our model, such as finite quantum well height and
width, symmetric vs asymmetric doping and confining potential
profiles, spin-orbit interaction, etc lift the optical selection
rules due to invariance under magnetic translations (“geo-
metric symmetry”)61 and electron-hole symmetry (“hidden
symmetry”).51,62,63 This is important, e.g., for trion formation
and for the observation of skyrmion and composite fermion
effects.55 Nevertheless, our predicted spectral and temporal
features, due to LL0-LL1 dynamical coupling, are ubiquitous
and largely independent of such particularities.
At ν = 1, the 2DEG in the ground state Laughlin wave
function22 populates all N of the spin-v LL0 states, while all
spin-V LL0 states and all higher LLs are empty. Signatures of
such spin polarization20,64 were observed in linear absorption
experiments at temperatures as high as a fewKelvin.65 The lowest
2DEG neutral excitations are LL0 f LL1 excitations, while
screening is suppressed by the LL0-LL1 energy gap.24 Due to
the hidden symmetry,62 ÆŶnæ in eq 18 vanishes if we project
within a single LL, in which case the optical response resembles
that of a noninteracting system. We break the hidden symmetry
by photoexciting both LL0 and LL1 states and by considering
LL0-LL1 mixing due to inter-LL 2DEG excitations. We neglect
states with energy comparable to LL2 or higher, such as higher
excitons and states with two or more inter-LL excitations, whose
FWM contribution is suppressed due to their small energetic
overlap with the optical pulses and their enhanced dephasing.We
note that a similar approximation in the many-body eigenstates
is used in the literature since, in most cases, it describes the 2DEG
excitation spectrum well.26,27 It even becomes exact for very large
magnetic fields, when the coulomb-to-cyclotron energy ratio
e2/(εlωc
e) becomes smaller than 1 (ε is the dielectric constant).
We note however that, in GaAs at 10T, ωc ∼ 18 meV for
electrons, while the characteristic Coulomb energy e2/εl ∼ 14
meV. Therefore, for quantitative fits to experiments, one must
include higher LLs.
Here we solve a polaronic problem where the LL0 (X0) and
LL1 (X1) magnetoexcitons couple to a continuum of {1-LL0-eþ
1-LL1-h þ LL0fLL1MP} four-particle excitations (Yq). In the
case of X1, the e-2DEG interaction scatters the LL1 electron to
LL0 by emitting a LL0fLL1 2DEG excitation at small total
energy cost. This resonant interaction process couples |X1æ to the
continuum of orthonormal states16
jYqæ ¼ Y^ †qjGæ ¼ X^†q01F^e-q10vjGæ ð29Þ
where
F^eq10σ ¼
1ffiffiffiffi
N
p ∑
k
eiqxkl
2
e^†kþqy=21ve^k-qy=20v ð30Þ
creates a LL0f LL1magnetoplasmon ormagnetoroton25,26 and
X^†q01 ¼
1ffiffiffiffi
N
p ∑
k
eiqx l
2
e^†kþqy=20Vh^
†
-kþqy=21V ð31Þ
creates a {1-LL0-e þ 1-LL1-h} interband excitation. In Yq, the
X01 and MP degrees of freedom have opposite momenta q and
are strongly correlated. The analogy to the X-X correlation in
undoped semiconductors56 is clear. As we shall see, the dephas-
ing of Yq has an important effect on the optical response. X0 also
couples to the |Yqæ when its LL0 hole scatters to LL1. However,
Yq have higher energy than X0 and thus the X0-2DEG interac-
tions are suppressed as compared to the X1-2DEG interactions.
This asymmetry between the two magnetoexcitons in the case of
inter-LL MPs is important for understanding the experimentally
observed dynamics.
Equations of Motion. We calculate the full dynamics within
the subspace spanned by the 1-hþ(Neþ1)-e states |Xnæ, n =
0,1, and |Yqæ, eq 29. Different many-body effects are determined
by the interaction matrix elements Vnm, Wqn, and Wqq0.
Vnm ¼
Z
dq
ð2πÞ2vqjφnmðqÞj
2 ð32Þ
determine the exciton binding energies (Vnn), static inter-LL
coupling (V01), and mean-field X-X interaction (V01). The
coupling between the X and Y states is determined by Wqn 
υ01
01(q), where
υmm
0
nn0 ðqÞ ¼
1
2πl2
υqφ

mm0 ðqÞφnn0 ðqÞ ð33Þ
By settingWqn = 0 in our calculation, we decouple the Xs from the
2DEG and obtain an optical response similar to the undoped system.
Wqq0 ¼ 2υ0011ðq0 - qÞ cos½ðq  q0Þzl2- υ1111ðq0 - qÞ
- υ0000ðq0 - qÞ ð34Þ
describes rescattering among the continuum of Yq states, which
corresponds to non-perturbative vertex corrections beyond the
Born approximation.
The linear polarizations are obtained from eqs 7 and 816
iDtPL0 ¼ ðΩ0 - iΓ0ÞPL0 - V01PL1 - dðtÞ-
1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPLq ð35Þ
for the LL0 polarization and
iDtPL1 ¼ ðΩ1 - iΓ1ÞPL1 - V10PL0 - dðtÞ þ
1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPLq
ð36Þ
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for the LL1 polarization, where the exciton dephasing rates,
Γ0 = Γ1 = 0.5 meV, are chosen similar to the undoped system and
the exciton energies are
Ωn ¼ Eg þ nþ 12
 
ðωec þωhc Þ- Vnn ð37Þ
The equations of motion for the coherences between the
ground state and the {1-LL0-e þ 1-LL1-h þ LL0fLL1MP} Yq
states are obtained from eq 816
iDtP
L
q ¼ ðΩq - iγÞPLq þ
υ0101ðqÞffiffiffiffi
N
p ðPL1 - PL0 Þ þ
1
N
∑
q0 6¼q
Wqq0P
L
q0
ð38Þ
Ωhq = Ωq01 þ ω-q is the Yq dispersion, where Ωq01 is the X01
excitation energy, shifted here by ∼1 meV as compared to its
value in the ideal 2D system to obtain a better fit to the
experimental linear absorption, and ωq is the LL0fLL1 2DEG
excitation energy, given at ν = 1 by24
ωq -ωec ¼
e2
εl
ql
2
e-q
2 l 2=2
þ e
2
εl
1
2
ffiffiffi
π
2
r
1- e-q
2 l 2=4 1þ q
2l 2
2
 !
I0
q2l 2
4
 !"(
-
q2l 2
2
I1
q2l 2
4
 !#)
ð39Þ
where In is a modified Bessel function of the first kind. The first
term on the rhs of the above equation correponds to the RPA
treatment of the 2DEG interactions. The second term results
from the many-body corrections to the local field seen by an
electron. These local field corrections result in a magnetoroton
dispersion minimum absent within the RPA, whose detailed
momentum dependence is determined by the ground state static
structure factor.26
Next we present the equations of motion for the third-order
nonlinear polarizations. Since the experimental studies of both
doped and undoped quantum wells38,39,66 did not produce any
long-lasting FWM signal at negative time delays, which would
signify long-lived X-X correlations,1,56,59 we treat for simplicity
the X-X interactions within the Hartree-Fock approximation.
Within the chosen subspace of many-body states, the third-order
polarization is described by the following closed system of
equations of motion, derived in ref 16
iDtP0 - ðΩ0 - iΓ0ÞP0 þ V01P1 ¼ dðtÞn0 þ V01PL1 ðn0 - 2N

01Þ
- V01PL0 ðn1 - 2N01Þ- PL0 ∑
q
υ0101ðqÞ nq þ
1ffiffiffiffi
N
p ðM1q -M0qÞ
 
- PL1 ∑
q
υ0101ðqÞ nq -
1ffiffiffiffi
N
p ðM1q -M0qÞ
 
-
1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPL0PL1PLq -
1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPq ð40Þ
iDtP1 - ðΩ1 - iΓ1ÞP1 þ V01P0 ¼ dðtÞn1 - V01PL1 ðn0 - 2N

01Þ
þ V01PL0 ðn1 - 2N01Þ þ PL0 ∑
q
υ0101ðqÞ nq þ
1ffiffiffiffi
N
p ðM1q -M0qÞ
 
þ PL1 ∑
q
υ0101ðqÞ nq -
1ffiffiffiffi
N
p ðM1q -M0qÞ
 
þ 1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPL0PL1PLq þ
1ffiffiffiffi
N
p ∑
q
υ0101ðqÞPq ð41Þ
ÆŶqæcorr is determined by the equation of motion
iDtPq - ðΩq - iγÞPq ¼
υ0101ðqÞffiffiffiffi
N
p ðP1 - P0Þ þ 1N∑q0 Wqq0Pq0
þ dðtÞðPL1 þ PL0 ÞPLq þ
υ0101ðqÞffiffiffiffi
N
p ½PL1 ðN11 - PL0 PL0 -N00Þ
- PL0 ðN00 - PL1 PL1 -N11Þ
þ ½υ0101ðqÞ- V01ðPL1 - PL0 ÞðPL1 PLq þM1q - PL0 PLq -M0qÞ
þ ∑
q0
υ0101ðq0Þffiffiffiffi
N
p PLq0 ðM1q -M0qÞ þ
υ0101ðqÞffiffiffiffi
N
p ðPL1 - PL0 Þ½2Nnq
- 3∑
q0
nq0  þ ðPL1 - PL0 Þ∑
q0
υ0101ðq0Þffiffiffiffi
N
p PLq0 PLq ð42Þ
where we neglected Yq T Yq0 coherences by assuming that they
dephase rapidly. We retain, however, the Xn T Yq coherences
Mnq and the X0T X1 coherence N01, obtained from eqs 11 and
10 with dephasing rates of 0.5 meV. The nonlinearities in eqs 40,
41, and 42 depend on the total LLn carrier populations nn and the
Y-state populations nhq
nn ¼ 2PLn PLn þ 2Nnn þ ∑
q
nq ð43Þ
where the first term is the coherent Xn population and the rest of
the terms describe he incoherent LLn carrier population, with
contributions Nnn and nhq from the Xn and Yq states, respectively,
where
nq ¼ PLq PLq þNqq ð44Þ
Nnn and Nqq were obtained from eqs 10 and 12 with population
relaxation rate Γqq = Γnn = 0.001 meV.
Numerical Results and Comparison to Experiment. In this
section we present our numerical results, obtained for a magnetic
field ∼9 T at ν = 1, and compare them to the experiment.
Figure 1 compares the linear absorption spectra calculated by
using the full and RPA dispersions Ωh q. It also compares the
results obtained for a small, γ = 0.35 meV, and a large, γ = 2Γ1 =
2Γ0 = 1 meV, dephasing rate of the Yq four-particle coherence,
whose amplitude is Phq. Figure 1 demonstrates that the linear
absorption line shape is sensitive to the Yq dispersion. In
particular, a second absorption peak, absent within the RPA,
develops above the LL1 exciton resonance when the full Yq
dispersion is used. The latter displays a magnetoroton minimum,
absent in the RPA dispersion, that is characteristic of
incompressibility.19,20,24-26 We note in Figure 1 that the dou-
ble-peak LL1 resonance line shape depends sensitively on the
dephasing of the {1-LL0-e þ 1-LL1-h þ LL0fLL1MP} four-
particle correlation, characterized by γ. As γ increases, these
correlations become short-lived and the two LL1 absorption
peaks merge into one broad but asymmetric LL1 resonance. This
result agrees with the experimental observation, shown in
Figure 2. In contrast, the LL0 resonance is insensitive to the Y-
state dynamics, consistent with the experiment (its precise line
shape may however depend on intra-LL excitations37,41). γ can
be large in the realistic system, due to, e.g., sample-dependent
disorder- and phonon-induced scattering of the MP and X01
excitations, which have opposite momenta in Yq. On the other
hand, the RPA line shape is less sensitive to γ, as seen in the inset
of Figure 1, due to the absence of magnetorotons.
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Next we turn to the ultrafast nonlinear response to three time-
delayed optical pulses
dðtÞ ¼ μEpðtÞeiðk13r-ωptÞ þ μEpðt þΔt12Þeiðk2 3r-ωptÞ
þ μEpðt þΔt13Þeiðk3 3r-ωptÞ ð45Þ
where Ep(t) = E0e
-(t/tp)2 is the pulse amplitude andωp its central
frequency. The optical fields propagate in the directions k1, k2,
and k3, with a time delay Δt12 (Δt13) between pulses k1 and k2
(k3). For negative time delays, pulse k1 arrives first. We calculate
the FWM spectrum
Sðω,Δt12,Δt13Þ ¼ jP0ðωÞ þ P1ðωÞj2 ð46Þ
in the background-free direction k1 þ k2 - k3. By tuning ωp
close to LL1, the LL0/LL1 photoexcited carrier ratio n0/n1 is
small. This suppresses the PSF contribution at the LL0 energy
and highlights the interaction effects that distinguish the many-
body system from a multi-level atomic-like system. Below we
discuss the time-dependence obtained along the Δt12 axis
(Δt13 = 0) and the Δt13 axis (Δt12 = 0), calculated in all cases
at the two frequencies ω corresponding to the peaks of the LL0
and LL1 FWM resonances. ForΔt13 > 0,Δt12 = 0, pulse k3 comes
first and creates an interband polarization. The latter evolves and
decays for a time interval Δt13, when pulses k1 and k2 arrive and
create the third-order FWM signal. Therefore, the Δt13 > 0 axis
mainly accesses the polarization dephasing. Along the Δt13 < 0
axis, pulses k1 and k2 first create an X-X coherence, which
evolves and dephases for a time-interval |Δt13| when pulse k3
arrives. Therefore, the Δt13 < 0 axis mainly accesses the dephas-
ing of the X-X coherence. Along the negativeΔt12 axis, pulses k1
and k3 arrive first (Δt13 = 0) and create a LL population, or a
coherence between different X and Y states. These evolve and
relax for a time interval |Δt12|, at which time pulse k2 arrives.
Therefore, the Δt12 < 0 axis probes population relaxation and
intra-band coherence dephasing and oscillations. Finally, along
the positive Δt12 axis, pulse k2 arrives first and creates an
interband polarization, which evolves for a time interval Δt12
when pulses k1 and k3 arrive. Thus the Δt12 > 0 axis mainly
probes polarization dephasing. The FWM dependence on the
two time delays gives complementary information on the co-
herent and relaxation dynamics of the QHS.
Figure 3 shows the three-pulse FWM signal, calculated at the
LL0 and LL1 FWM peak energies, for linear absorption as in
Figure 1. We compare the results obtained for small and large
dephasing rate γ of the {1-LL0-e þ 1-LL1-h þ LL0fLL1MP}
correlations as in Figure 1. Despite tuning the frequencyωp close
to LL1, for small γ the LL0 and LL1 FWM peaks have
comparable height. By increasing γ, the LL1/LL0 FWM peak
ratio decreases sharply, as the two LL1 linear absorption peaks
begin to merge into a single broad resonance. On the other hand,
the LL0 peak remains relatively insensitive toγ and Phq. Regarding
the time-dependence, along the Δt12 axis the LL0 FWM signal
Figure 1. Linear absorption calculation using the full Y-state dispersion for two values of the Y-state dephasing rate γ. Inset: Same for the RPA Y-state
dispersion.
Figure 2. Experimental linear absorption.
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displays strong temporal coherent oscillations, with a frequency
determined by the LL0-LL1 energy splitting. Importantly, the
decay of these oscillations is enhanced by increasing γ, which
indicates that it is determined by dephasing due to X-2DEG
interactions. Along the Δt13 > 0 axis, for small γ the FWM
temporal profile displays a small oscillation. With increasing γ
however, the LL0 temporal profile becomes symmetric around
Δt13 = 0, as the two linear absorption LL1 peaks merge into a
single broad resonance, while the LL1 temporal profile remains
asymmetric. The dependence of the above features on the
{1-LL0-e þ 1-LL1-h þ LL0fLL1MP} dephasing rate γ in-
dicates that they arise from non-Markovian memory effects due
to the four-particle correlations and their dynamics. Further-
more, along the Δt12 < 0 axis, the FWM signal reflects the
relaxation of the incoherent carrier populations and decreases
drastically if we neglect the long-lived incoherent Y-state
populations Nqq.
16 The FWM spectral and temporal profile
can be controlled by tuningωp toward the LL0 frequency, which
suppresses the LL1 FWM peak.
We now compare our predictions to the FWM experiments
discussed in refs 38, 39, and 66. We take γ = 1 meV, which gives
good agreement between the theoretical and experimental linear
absorption if we ignore the extra peaks due to the valence
bandstructure (compare Figures 1 and 2). Figure 4 compares
the FWM time evolution along theΔt12 axis. Our theory captures
the main experimental features: strong LL0 temporal oscillations
due to LL0-LL1 coherence,Δt12 < 0 signal reflecting incoherent
population relaxation, and unusually large LL0/LL1 peak ratio
Figure 3. Calculated three-pulse FWM signal and its dependence on the {1-LL0-e þ 1-LL1-h þ LL0fLL1MP} correlation dephasing.
Figure 4. Three-pulse FWM: comparison between theory and experiment along the Δt12 axis for γ = 1 meV.
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despite predominantly exciting LL1 transitions. Figure 5 com-
pares the calculated and experimental temporal evolution along
the Δt13 axis. We capture the symmetric LL0 temporal profile
seen in the experiment, absent in the undoped system,66 while the
time-dependence of the LL1 FWM is asymmetric aroundΔt13 = 0.
Our theory predicts the experimentally-observed FWM features
of the 2DEG which are absent in an atomic-like or an undoped
semiconductor system.
Next we discuss the origin of the above effects. Figure 6
compares our full calculation to the result obtained by setting
Wqn = 0, in which case the X states decouple from the 2DEG.
While the full calculation gives a large LL0/LL1 FWM ratio
(LL0/LL1∼5), this ratio is strongly suppressed if we setWqn = 0
(LL0/LL1∼1/2). This rather drastic effect of the X-2DEG
coupling is consistent with the observed differences between the
2DEG and undoped samples.38,39,66 Furthermore, for Wqn = 0,
the LL0 FWM temporal profile along the Δt13 axis becomes
asymmetric, as observed in the undoped system.66 Along the
Δt12 axis, coherent oscillations are also present for Wqn = 0,
attributed to the X-X interactions.66 However, while in the
undoped system the oscillation decay is determined by the
exciton dephasing rates Γn, in the 2DEG it mainly comes from
X-2DEG interactions and the dynamics of the Y states. While
the profound role of the X-2DEG coupling in interpreting the
experiment is clear from the results of Figure 6, we note that, with
increasing γ, the differences16 between the RPA and the full Yq
dispersion FWM calculations decrease. This result suggests that
the incompressibility of the 2DEG does not strongly affect the
FWM in the samples studied here due to strong dephasing of the
{1-LL0-e þ 1-LL1-h þ LL0fLL1MP} correlation.
Figure 5. Three-pulse FWM: comparison between theory and experiment along the Δt12 axis for γ = 1 meV.
Figure 6. Interaction effects on the three-pulse FWM signal for γ = 1 meV.
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To interpret the unusual temporal profile along the Δt13 axis
and its dependence on γ, let us consider the PSF and X-X
interaction contributions to eqs 40 and 41. The PSF contribu-
tion, d(t)nn at LLn, always gives an asymmetric Δt13 temporal
profile, with Δt13 < 0 contribution that follows the optical
pulse.2,4 At LL0, the resonant X-X interaction contribution in
eq 40 has the form P0
Ln1 and P1
LN01*, which couples the two LLs
via light-induced nonlinear coherence. TheΔt13 > 0 decay of the
LL0 FWM signal then reflects the dephasing of X1, while its
Δt13 < 0 decay reflects the dephasing of the X1 þ X0 coherence.
X1 couples strongly to the Yq states in the QHS and thus
dephases more strongly than X0. If γ is sufficiently large, so that
the LL1 resonance is broad, the Δt13 temporal profile is
dominated by the dephasing of P1
L. If on the other hand γ is
small, P1
L is long lived and the temporal profile becomes asym-
metric, with memory effects due to the multi-peak structure in
Figure 1. WhenWqn = 0, both X0 and X1 have similar dephasing
rates and thus the Δt13 temporal profile is again asymmetric. In
contrast, at the LL1 energy, the X-X interaction resonant
contribution has the form P1
Ln0 and P0
LN01. Therefore, while
the Δt13 < 0 FWM decay again reflects the X0 þ X1 dephasing,
the Δt13 > 0 FWM signal is determined by the dephasing of X0
and thus decays more slowly than the LL0 FWM, since X0
couples weakly to inter-LL MPs. We conclude that the observa-
tion of a symmetric LL0Δt13 profile reflects the asymmetry in the
dephasing of the LL0 and LL1 excitons due to coupling with
inter-LL MPs. Even though the X-X interaction þ PSF non-
linear contribution gives a large part of the 2DEG FWM,16 it still
gives a LL1/LL0 ratio much larger than the full calculation, while
its dynamics changes drastically when Wqn 6¼ 0.
The question now arises whether a perturbative Born approx-
imation treatment of the X-2DEG interactions and the corre-
sponding exciton self-energy is enough to describe the above
effects. Figure 6 compares our full calculation to the Born
approximation result, obtained by setting Wqq0 = 0 in eq 42.
This approximation neglects the scattering between the X01 and
MP excitations that make Yq. This X01-MP dynamics is similar
to that due to X-X scattering in the undoped system, which
governs the dynamics of the four-particle 2-hþ2-e correlation
and the Δt13 < 0 FWM signal.
56,59 Figure 6 shows that the
perturbative treatment of the X-2DEG scattering significantly
overestimates the strength of the LL1 peak, by a factor of more
than∼5 as compared to the full calculation. Importantly, it gives
a more asymmetric Δt13 temporal profile and also changes the
decay of the Δt12 < 0 LL0 temporal oscillations. We conclude
that the vertex (rescattering) corrections affect the FWM profile
in a significant way. In particular, the non-exponential time-
dependence of the {1-LL0-e þ 1-LL1-h þ LL0fLL1MP}
correlation manifests itself in the symmetric temporal profile of
the Δt13 signal, which is not adequately described by the Born
approximation or by the average polarization model used to
inerpret the 2DEG FWM experiments.15,39,43-46
We now turn to the population relaxation. Figure 7, panels a
and b, shows the time evolution of the LL0 (n0) and LL1 (n1)
total carrier populations, photoexcited at t = 0 by a single optical
pulse, and their different contributions,.43 The coherent con-
tribution to nn, 2Pn
LPn
L*, decays rapidly, as determined by the
polarization dephasing. When ωp is tuned close to the LL1
energy, the coherent n1 exceeds n0, by a factor ∼4 in Figure 7.
Nevertheless, it is clear from our results that the LL0/LL1 FWM
ratio does not simply reflect the ratio n0/n1, in contrast to the
predictions of a multi-level atomic-like model. Following the
coherent regime, the X-2DEG interaction drastically changes
the carrier relaxation and enhances n0/n1 as compared to the
undoped system. The LL0 population increases sharply during
intermediate time scales of a few picoseconds, while simulta-
neously the LL1 population drops and the Y-state populations
build up. This incoherent dynamics comes from the X1 f Yq
scattering processes. It is described by eqs 10, 11, and 12 and
should be contrasted to the coherent dynamics due to the same
interaction process, discussed above. The rise time of the LL0
FWM signal for Δt12 < 0 mainly reflects the slow build-up of the
Y-state populations ∑qnq(t) as X1 depopulates. Figure 7, panels a
and b, also shows the time-dependence of the incoherent exciton
Figure 7. LL0 and LL1 total carrier population relaxation for photoexcitation close to LL1 by a single pulse and γ = 1meV. Upper panel: time evolution
of the different coherent and incoherent contributions. Lower panel: comparison between populations obtained with the full calculation, RPA
dispersion, and by neglecting the linear or nonlinear X-Y couplings.
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populations Nnn(t). N00 relaxes slowly, as determined by the
population relaxation time, since the X0 þ 2DEG scattering is
suppressed for inter-LL MPs. In contrast, the relaxation ofN11 is
fast and occurs on a time scale of a few picoseconds, which
coincides with the build-up of nhq. After sufficiently long times,
when the above scattering is complete, nn are determined by the
total population of the continuum of {1MP þ 1-LL0-e þ
1-LL1-h} states and by the long-lived LL0 population N00.
Finally, Figure 7, panels c and d, compares the nn obtained by
using the full or the RPA Yq dispersions and show rather small
differences between them. In contrast, by neglecting the linear or
nonlinear X-Y couplings, i.e., by settingWqn = 0 orMqn = 0, we
obtain drastically different population relaxation and time-de-
pendence of n0/n1.
’CONCLUSIONS
In conclusion, we developed a density matrix quantum kinetic
description of dephasing/decoherence and relaxation processes
in photoexcited systems with strongly correlated ground state
electrons. Similar to the description of the strongly correlated
QH ground state and its excitations (composite fermions
etc),27,30,55 in the absence of a small interaction parameter, we
obtain the exact dynamics of “Hubbard operator” density
matrices within a subspace of almost degenerate many-body
states strongly coupled by the interactions, after introducing an
appropriate density matrix decomposition that separates differ-
ent correlation effects. Our main motivation for developing this
theory is to address the timely, both from nonequilibrium many-
body physics and from applications points of view, problem of
nonlinear dynamics induced by the strong coupling of different
degrees of freedom triggered by coherent photoexcitation. We
compared the predictions of our theory to three-pulse FWM
experiments, performed on a 2DEG subjected to amagnetic field.
This comparison corroborates our earlier claims that the dyna-
mical coupling of the two lowest Landau level states by inter-LL
magnetoplasmon (MP) and magnetoroton (MR) 2DEG excita-
tions is an important and robust nonlinear process in the QHS,
with possible implications for coherent control and quantum
computation schemes involving many-body qubits. Importantly,
we showed that the spectral and temporal behavior of the FWM
signal depends sensitively on the dephasing and dynamics of {1-
LL0-e þ 1-LL1-h þ LL0fLL1MR} four-particle correlations,
which couple to the exciton degrees of freedom. For long-lived
correlations, the incompressibility of the 2DEG, which leads to
magnetorotons and a double-peak LL1 resonance, manifests
itself in the FWM profile. For short-lived correlations, the
dephasing of the LL1 coherence is strong, leading to an unusually
symmetric temporal profile, determined by the dynamics of the
above four-particle correlations, and a depressed LL1 FWM
peak. These correlations also affect the decay of the inter-LL
coherence that gives FWM temporal oscillations, which in the
undoped system is determined by the exciton dephasing rates. A
question down the road is how two-dimensional correlation
spectroscopy,67 which accesses a much larger phase space than
the conventional one-dimensional spectroscopic techniques, can
be used to resolve the dynamics of such fundamental many-body
processes. Future experimental and theoretical studies also
promise to elucidate the dynamics of strongly coupled spin,
charge, and lattice degrees of freedom that is triggered by
coherent photoexcitation of selected modes. In addition to
accessing “hidden states” and photo-induced phase transitions
in strongly correlated materials, such studies of the QHS can
address, for example, the formation and nonlinear response
dynamics of trions, composite fermions, and fractional quasi-
excitons.30,51,55
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